If income distribution is unequal, the effect of a marginal increase in an income x on inequality is an increasing function of x. The present paper analyses this function for several inequality measures. The income for which the effect changes sign is the relative poverty line. The value of this limit between the relatively poor and the relatively rich is computed for Brazil and five regions, in 1999, considering two types of income distribution: the income of economically active persons and per capita family income. The paper also analyses the effect that a marginal increase in all incomes equal to or greater than x produces on inequality.
Introduction.
Obviously, an increase in a rich person's income contributes to inequality, whereas an increase in a poor person's income has the opposite effect. Therefore, the effect of an income rise on inequality should be an increasing function of a person's income: it is nega tive for very low incomes, and positive for high ones. The present paper analyzes this function, showing how it is associated with the adopted inequality measure. It is important to know the value of the income for which the effect changes sign in order to find out the point from which tax incidence (income reduction) can contribute to reduce inequality or from which point an increment in income can cause inequality to grow. This income is the limit between the "rel atively poor" and the "relatively rich" , called relative poverty line or dividing line between the rich and the poor.
The second section deals with the formal definition of the effect of an income rise on the measure of inequality, showing the relation ship with the effect of a regressive transfer of income and deducing the expressions for that effect on the major inequality measures. The third section shows how that effect behaves in some theoretical distri butions, especially the lognormal distribution. In the fourth section, the results are applied to income distribution in Brazil, based on the Pesquisa Nacional por Amostm de Domiclios (PNAD ) calTied out in 1999. The fifth section analyses the effect that an increase in all in comes equal to or greater than a given value produces on inequality. The sixth section presents the main results of the study.
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2. The effect of an income rise on inequality.
Consider that Xi is the income of a person in a population with n people. consider that incomes are ordered such that Let I be the value of an inequality measure for this distribution.
Consider now that an increase B is granted to the income of person h, which becomes Xh + B. If the new value of the inequality measure is indicated by I., the increase Bi n X h will have caused the following variation in the inequality measure t::, I = I. -I This variation will usually be a function of X h and of B. To simplify the function and facilitate comparisons between inequality measures, the effect of the increase in income X h on inequality is defined as
Effect 8 can also be obtained through the partial derivative of I with respect to the income that receives the increase, that is,
A regressive transfer of income consists in subtracting an amount B of X h and adding it to Xj, with X j > X h . Obviously, the effect (?jJ) of this regressive transfer on inequality measure I equals the sum of This shows that effect {j (x h) should be a monotonically increas ing function of income Xh for the inequality measure to obey the Pigou-Dalton Transfer Principle.
Let us see, first, how effect {j behaves if we adopt Theil's L index as inequality measure. One way to calculate L is
where I-' is the average income (Hoffmann, 1998, p. 107) .
After an increase e in income Xh, the average income increases by e / n and the inequality measure is Hence 240
dL. de
So, for Theil's L index, the effect of the increase in Xh is
We observe that th is an increasing function of Xh, which is negative for Xh < I-' and positive for Xh > 1-' . Now observe how 0 varies in function of Xh in the case of Theil's T index. This inequality measure can be defined as
After an increase e in income Xh, the expression becomes
By deriving it and simplifying it, we obtain
dT * de
In (Xh + e) nl-' + e
Then we find
. dT* 1 ( l :z= n
Recalling (7), we conclude that the effect of an increase in Xh on theil '8 T index is
This effect is positive for Xh > p,er. The larger the inequality, the higher the income of the favored person should be so that the increase enhances inequality.
Both T and L are special cases of the general measure (See Hoff mann, 1998, p.175) (10) Theil's T index is obtained through c --4 0 while Theil's L index is obtained through f --4 1. For f = -1, we observe that 2S = C2, where C is the coefficient of variation of incomes Xi.
Using a procedure similar to the one used for Land T, we can deduce that the effect of an increase in Xh on measure S is
We verify that expression (6), which refers to Theil's L index, is obtained from (12) by making c = 1 and that expression (9), which refers to Theil's T index, is the limit of (12) when c --4 O.
Note that effects 0 L, OT and O s are null if we consider a perfectly equal distribution, that is, if we initially have Xi = P, for each i.
One of the formulas used to calculate the Gini coefficient is (Hoff mann, 1998, p. 41) 
Let us initially consider that an increase B in Xh does not change the income ordering of the n persons. We will come back to this question later. If no reordering occurs after an increase B in Xh, the expression for the Gini coefficient will be and
2=1
Recalling (13), we conclude that the effect of an increase in Xh on the Gini coefficient is (14) For a large n, we may disregard � and then the effect becomes positive for
If, for instance, we have G = 0.6, effect oa becomes positive for the increase in incomes greater than the 80t h percentile.
Since effect /5G is defined as a limit with e tending to zero, we may admit that e is quite small, so that having Xh+l > Xh is enough for the increase e not cause reordering. If there is a series of equal incomes, increase e should be applied to the "last" in the series, so that we have Xh+1 > Xh· It is interesting to consider the special case of perfectly equal distribution. In this case, the effect of an increase e on an income may be obtained from (14) by h = n and G = 0:
However, if a second income receives an mcrease e, the effect will be weaker. It is possible to prove that by starting with the perfectly equal distribution, the effect on the Cini coefficient of the kt h successive increase e in incomes with a previous f.L value is
nf.L n and that the aggregate effect of all k increases is
As expected, the value of this last expression will be zero when k = n, that is, when all incomes receive an increase e. Finally, we may observe that, when incomes differ, an increase that implies reordering always corresponds to a series of increases without reordering, according to the anonymity principle.
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3. The effect of an income rise on the inequality of contin uous distributions.
For a continuous variable with distribution function F(x), the effect of an increase in Xh on the Gini coefficient may be obtained through proper adaptations of expression (14):
For other inequality measures analyzed, the expressions for the effect of an increase in x h, in the case of a continuous distribution are
Note that only for the Gini coefficient the functional relationship between ti and Xh depends on the form of the distribution.
We simply have to replace c with 1 in expression (19) in order to obtain expression (17). Expression (18) is the limit of (19) when c -> O.
For the sake of illustration, we are going to initially consider a uniform distribution at the interval between 0 and b. The probability density function is
Replacing these results in expressions (16) through (19), we ob-
(24) Table 1 shows, for several inequality measures, the income value above which an increase in income causes inequality to grow, consid ering a uniform distribution at the interval between 0 and b. Note that, for measures in family S, this value decreases as parameter 10 Increases. Table 1 Value of Xh from which an increase in income causes inequality to grow, for several inequality measures, in the· case of a uniform distribution at the interval between 0 and b. Inequality measure Gini coefficient (G) S with 6 = -1 (when 2S = C2) S with 6 = -0.5
Let us examine the lognormal distribution, admitting that the (neperian) logarithm of income x has a normal distribution with mean a and variance v2. The mode, the median and the mean for x are', respectively, exp(a -v2), exp(a) and
If <P is the standard normal distribution function, the Gini coef ficient for the lognormal distribution is2 (27) According to Cowell (1995, p. 142) , measure S for a lognormal distribution is3
The results in (27) can be obtained by determining the limit of expression (28) for c: tending to 0 or l.
From (18) and (25) we obtain for the lognormal distribution, From (19) and (28), we obtain For c: = -1, for instance, the expression will be To begin with, we analyze the effect of the increase of a person's income on inequality with regard to income distribution of economi cally active persons and, later, we do the same with the distribution of per capita family income.
Income distribution of economically active persons.
According to data from PNAD 1999, the distribution of all income sources to economically active persons whose income was greater than zero presented the following characteristics: a) mean: R$ 552.7
To facilitate the analysis of the effect that the rise of one person's income has on inequality, we are going to consider a lognormal distri bution with parameters a = -1.24 and v 2 = 1.28. This distribution has characteristics that resemble those of the income distribution of EAP (economically active population) in Brazil in 1999 (in thou sands of reais). We can observe that, recalling (25), (26) and (27), the median for this distribution is exp(a) = 0.289, the mean is 0.549, T = L = 0.64 and G = 0.576.
Using (16), (17), (29) and (30), we can analyze how effect 6 varies in function of income Xh for the lognormal distribution similar to the income distribution per economically active person (not including those without income) in Brazil in 1999. Figure 1 shows the graph for the effect on the Gini coefficient, T, L and on measure S for c: = O.5,e = -0.5 and c: =-1.
Effect of the rise of a person's income on inequality . . ' � . , It is important to observe that the abscissa of the point at which there is a change of sign in the effect increases as parameter c de creases. Recall that Atkinson (1973) shows that c > 0 is a measure of the degree of inequality-aversion. Figure 1 shows that a higher c (higher inequality-aversion) implies lower values for the limit above which the increase of a person's income causes inequality to rise.
To better visualize how the results vary with c, we consider the values of this parameter as -1 to 1. However, the two most com-monly used S-type inequality measures are Theil's T and L indices, which respectively correspond to c = ° and c = 1. When c = -1, the S measure is a monotonically increasing transformation of the coefficient of variation (S = 0.5C2), which is an inequality measure whose sensitivity to regressive transfers increases with the income level affected by transfers, that is, an inequality measure more sensi tive to changes in the upper end of the income distribution. Since the concern with inequality is often associated with the struggle against poverty, it is sensible enough to prefer S-type inequality measures with c � 0. Among the inequality measures that follow the Pigou Dalton Transfer Principle, the most commonly used are, of course, the Gini coefficient and Theil's measures (T and L) . Table 2 shows the monthly income for which the effect (j changes sign, in R$ 1,000, of September 1999, which is the month used as reference by PNAD. The first column shows the values obtained for the lognormal distribution with parameters a = -1.24 and v2 = 1.28 (respectively, mean and variance of logarithms). The second column shows the values obtained directly from PNAD's individual data. Since the Gini coefficient obtained from these data is 0.572, according to expression (14) the change of sign occurs at the 78.6t h percentile, which is R$ 625. For Theil's L index, the change of sign in effect (j occurs at the distribution mean, which is approximately R$ 553. For Theil's T index, the change of sign in (j occurs when the income of the economically active person is R$ 1,075. If we consider the set of these three inequality measures, we can observe that all of them decrease if any income below R$ 553 is increased, whereas all of them increase if any income greater than R$ 1,075 is increased. By adopting the Gini coefficient as inequality measure, the limit between the "relatively poor" and the "relatively rich" in the eco nomically active population of Brazil in 1999 (not including persons without income) is R$ 625. Considering that the income registered by PN AD is an understatement of true income4, this limit is likely to reach nearly R$l, OOO. Economically active persons with an income greater than R$l, OOO in September 1999 were "relatively rich" , as an increase in the income of any of them would cause the Gini coefficient to rise. Table 3 shows the values of incomes for five regions in Brazil, in which there is a change of sign in /5, corresponding to the values that refer to Brazil in the last column of Table 2 . As expected, the limits between the "relatively poor" and the "relatively rich" tend to increase with the average income for the region. This is evident in the case of Theil's L index, when the limit is the average income itself. By adopting the Gini coefficient as inequality measure, we observe that the persons who are "relatively rich" in the state of Sao Paulo are those who earn more than R$ 840; however, in the Northeast, those who earn more than R$ 35 0 are already "relatively rich" within the region. Table 3 Income (in R$) for which the effect /5 changes sign based on the inequality measure of EAP's income distribution (not including those without income), in 5 regions of Brazil, according to the data obtained from PNAD 1999. Although the average income in the state of 8iio Paulo is sub stantially higher than that in the midwest region, the incomes for which the effect fj changes sign for measure S with E: = -0.5 and E: = -1 are higher in the midwest region. This occurs because these measures are very sensitive to changes in the upper end of the in come distribution and due to the fact that inequality in the midwest region (G = 0.581 and T = 0.724) is higher than in the state of 8iio Paulo (G = 0.522 and T = 0.534). If per capita incomes are measured in thousands of reais, a log normal distribution with parameters a = -2.06 and v2 = 1.40 has very similar characteristics: mean = 0.257, median = 0.127, T = 0.70 and G = 0.597. Figure 2 shows how effect fj varies, in this case, in function of per capita family income, for several inequality measures: The Gini coefficient (G), Theil's T and L indices, and S measure for E: = 0.5, E: = -0.5 and E: = -1.
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Effect of the rise of one person's income on the inequality of per capita family income distribution, Brazil, 1999. Table 4 shows the monthly per capita income for which the effect 8 changes sign, in R$ 1, 000, of September 1999. The first column shows the values obtained for the lognormal distribution with param eters a = -2.06 and v2 = 1.40. The second column shows the values directly obtained from PNAD data. By adopting the Cini coefficient as inequality measure, persons with per capita family income greater than R$ 325 are "relatively rich" , since the increase in income of any of these persons would cause an increase in the Cini coefficient of the per capita family income distribution in Brazil. Considering an understatement of incomes, that limit would increase from R$ 325 to approximately R$ 500 per capita. Table 4 Income for which the effect t5 changes sign, based on the inequa lity measure of per capita family income distribution in Brazil, according to PNAD 1999. Table 5 shows the limits between the "relatively poor" and the "relatively rich" in five regions of Brazil, considering several inequa lity measures of per capita family income distribution according to PNAD 1999.
If the Gini coefficient is adopted as inequality measure, the limit in the Northeast (R $ 162) will be half the value for Brazil (R $ 32 5). In the state of Siio Paulo, the limit (R $ 433) is 4/3 of the limit for Brazil. In the richest region analyzed, the persons with per capita family income greater than R$ 433 are relatively rich, since an in crease in the income of any of these persons would cause the Gini coefficient to grow. Considering an understatement of incomes in the PNAD, we may consider that the relative poverty line in this region is close to R$ 700 per capita. Table 5 Per capita income (i n R$) for which the effect [j changes sign, based on the inequality measure of per capita family income distribution, in 5 regions of Brazil, according to PNAD 1999. Consider, again, the ordered set of incomes Xl ::; X 2 ::; .. . ::; Xh ::; . . . ::; Xn· Imagine that I is the value of an inequality measure of this distribution. Let us admit an increase e in all incomes from X h onwards and that after this increase, the inequality measure is 10, We define the effect of the increase as Recalling the definition of effect [<5 (X j ) J of an income rise, given at the beginning of section (2 ), we observe that5
i= h
A phenomenon like this occurs, for instance, if the income tax exemption limit is increased. If the initial exemption limit is Co, the new limit is Cl > Co and the tax rate is t, the increase in the exemption limit will produce an increase equal to e = t (Cl -co) in the available income of all persons with income equal to or greater than Cl. If we admit that Cl is slightly greater than Co, we may disregard the changes in the disposable incomes of those with an income between Co and Cl· After the adoption of an inequality measure, let us consider A as the value of income for which the effect <5 (Xj) changes sign. Looking at expression (33), it is evident that effect n (Xh) will be positive for an Xh slightly lower than A, provided that positive <5 (Xj) compensate for negative <5 (Xj). Nevertheless, there will always be a very low Xh value that makes effect n (Xh) negative, since an increase e in all incomes of a given population causes a decrease in inequality (unless this inequality is already equal to zero). Expression (33) and the properties of effect <5 (x j) allow us to conclude that n (Xh) will be maximal when Xh = A. For Xh < A, negative <5 (Xj) will be included, thus reducing the value of n (Xh).
For Xh > A, positive 8 (Xj) will not be included, also reducing the value of Q (Xh).
According to expression (13), the Gini coefficient after the in creases in incomes equal to or greater than x h is
Deriving it with respect to B and determining the limit for B tending to zero, we obtain
If, in this expression, h = 1, we will obtain the effect of an increase in all incomes, which is -G /,u. We may observe that, if there is inequality, an increase B in all incomes causes the Gini coefficient to decrease from G to GIl/ (,u + B).
Expression (35) shows that for a quite large n, effect QG becomes positive from the Gt h percentile onwards. For G = 0.6, for example, effect QG becomes positive after the 60t h percentile of the income distribution.
Through expression (5), we may deduce that the effect of in creases in all incomes equal to or greater than Xh for Theil's L index
Note that, in the first expression, the second term inside the paren theses is the inverse of the harmonic mean of incomes equal to or greater than X I . .
If all incomes have an increase e, we have h = 1 and the effect is where H is the harmonic mean of the n incomes.
Through expression (7), for Theil's T index, we have By examining PNAD 1999 data regarding all income sources for economically act. ive persons with positive value for that income, we observe that the value for which the effect i:l changes sign is R$ 290 for Theil's L index, R$ 336 for the Gini coefficient, and R$ 500 for Theil's T index. It is important to remember that for the same distribution, the change of sign in effect 8 (or maximum effect fl) occurs when the income is respectively R$ 553, R$ 625 and R$ 1, 075 (see Table 2 ).
Conclusions.
This paper defines and analyzes the effect that an income rise produces on inequality. When inequality is present, this effect is negative for the relatively poor and positive for the relatively rich. Income (,\) for which the effect changes sign is the relative poverty line, that is, the dividing line between the relatively poor and the relatively rich. If we want to divide an income distribution into only two strata, it would be reasonable to adopt income ,\ as the dividing line between the rich and the poor.
By adopting the Cini coefficient as inequality measure and by considering PNAD 1999 data, limit ,\ is R$ 625 for the income per economically active person (not including those without income) and is R$ 325 for per capita family income. Considering that incomes are understated in PNAD, the correct value for these limits between the relatively poor and the relatively rich in Brazil should be close to R$ 1, 000 in the case of income per economically active person and R$ 500 in the case of per capita family income.
In addition, the effect of an increase in all incomes equal to or greater than a given value Xh on inequality is also analyzed, showing that this effect is maximal for Xh = '\. This should be considered when establishing the limit of income tax exemption, if one wants to reduce inequality.
